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Introduction 

Toric varieties are a special class of rational varieties defined by equations of the form 
Q\ ' monomial = monomial. For a good brief survey of the history and role of toric varieties 

see [10]. Any toric variety X contains a cover by affine open sets described in terms of 
,-0 \ arrangements (called fans) of convex bodies in IR X . The coordinate rings of each of these affine 
open sets is a graded ring generated over the ground field by monomials. As a consequence, 
toric varieties provide a good context in which cohomology can be calculated. The purpose 
of this article is to describe the second etale cohomology group with coefficients in the sheaf 
of units of any toric variety X. This is the so-called cohomological Brauer group of X. 

Let X = TNemb(A) be a toric variety which determines and is determined by the fan A. 
To say A is a fan means A consists of finitely many elements, each of which is a convex cone 
in IR X , satisfying the following conditions: 

CN ■ 1. If a, t G A, then a fl r is a face of both a and r. 

2. If a G A, then any face of a is in A. 
Q\ . 3. If o G A and v G a, then Mfc fl a = M>^~ fl o (the cones in A are strongly convex). 

4. If N — Z r is the set of lattice points in W and a G A, then there are V\, . . . , v s G af] N 
q ; with o = M.> vi + . . . + M>o'?V 

We can make a fan A a topological space by letting the open sets in the topology be the 
subsets of A which are themselves fans (the open sets of A are the subfans of A). The 
support | A | of A is Uo-eA o" C M r . A support function h on A is a real valued function on |A| 
such that for each cone a G A, h\ a is linear on a and integer valued on a fl N. Let SF(A) 
be the abelian group of support functions on A. Associate to A the sheaf ST defined by 



SJ-'(A') = SF(A') for each open set A' C A. The "restriction maps" in the sheaf SJ 7 are 
ordinary restriction. 

This article compares several cohomology groups and it will be helpful to the reader to 
lay out our notation with some care. If X is a irreducible scheme and T is a sheaf on the 
etale site, H l (X,s t , J 7 ) will denote the i-th etale cohomology group of X with values in T. 
If K is the function field of X, then H % {KjX^ J 7 ) is the subgroup of H % [X^T^) of cocycle 
classes split by K, i.e. are trivial when restricted to the generic point of X. The notation 
H % z {X^ tl J~) denotes etale cohomology with supports. Similarly, if T is a Zariski sheaf on 
X, then H l (Xzar, T) will denote the i-tti Zariski cohomology group of X with values in T. 
Finally, for any topological space D with open cover V, and T a sheaf on D, H l (V/X,J r ) 
denotes the Cecil cohomology of X with respect to the cover V with values in T [11]. The 
direct limit over all covers is denoted by H l (X,J r ). The notation H l (X,J r ) simply denotes 
the derived functor cohomology. The purpose of this paper is to compare these cohomology 
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groups, in particular for the sheaf of units, on a toric variety. In this article we use the 
terminology and notation of [9] for toric varieties. 

If X = TNemb(A) is a toric variety associated to a fan A, K is the function field of X, 
O* is the sheaf of units of X on the Zariski site and G> is the sheaf of units on the etale 
site, then our main result is: 

Theorem 1. Let X = TNemb(A) be the toric variety with function field K associated to 
the fan A. Then 

(a) H\A,SF) = H 2 (X Zar ,0*) = H^K/X^G^ 

(b) If A' is a nonsingular subdivision of A and X = T^emb{A') , then the sequence 

-> H 2 (K/X £t , G>) -> rf^Xfe, G>) -> fa , G>) -> H 
(wzi/i natural maps) is split exact. 

By the exact sequence of Theorem |I|.b, the calculation of the group if 2 (X#, G>) is re- 
duced to the calculation of the two groups H 2 (K/Xst, G>) and H 2 (X £t , G>). The group 
H 2 (K / X&, G>) can be calculated in terms of the cohomology of the finite space A, by The- 
orem |l|.a. A description of the group H 2 {X £t , G>) is given in Section 1 of [1]. In [1] Section 
2, H 2 (K I 'X ( 5 t ,G > ) was calculated in terms of an integer matrix associated to the fan A in 
the case where the codimension of the singular locus Sing(A) was no more than 2 (see also 
[2])- 

In order to verify our main result we first show that the cohomology of A with coefficients 
in the sheaf ST can be computed using Cecil cohomology. Next we show that the Zariski 
derived functor cohomology for the sheaf O* agrees with the Cecil cohomology with respect 
to the open cover {U a \a G A} determined by A (see p. 6 of [9]). We then show that for each 
closed point p G X, the natural map CI (Ox, P ) — * CI (Ci>) from the divisor class group of the 
local ring of X at p to the henselization is an isomorphism (see p. 57 of [7]). As a consequence, 
H 2 (X ZllT ,0*) £ H 2 (K/X & ,G m ). The isomorphism H\A,ST) = # 2 (X Zar ,0*) is explicitly 
defined in terms of cocycles. We end with calculations of the groups H p ((U a )i t ,G m ) for U a 
an affine toric variety. These calculations extend those of [1], Section 2 and as a result we 
show that the main result of this article does not extend to the cohomology groups of degrees 
greater than 2. 

The cohomology of A 

Let A be a fan in W . Define a topology on A by letting the open sets in A be the subfans 
of A. One can think of A as the orbit space of X = TNemb(A) under the group action of 
the torus T/v together with the induced topology. There is also a continuous embedding 
A — ► X which sends a G A to the generic point of the closure of orb(cr). If o G A, then the 
smallest open set containing o is A(<r) = {r G A\t < a}. If {cr.;} is the set of maximal cones 
in A, then {A(cjj)} is an open cover of A which is a refinement of any open cover of A (see 
[4] p. 223). We call this cover the finest open cover of A. For any sheaf T on A, the Cecil 
cohomology groups H P (A, J 7 ) can be calculated as Cecil cocycles modulo coboundaries with 
respect to the finest cover {A(o"j)}. 
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Lemma 2. Let a be a cone in W , r > 1 and T any sheaf on A(cr). Then 

(a) ff p (A(ff),J) = for all p > 1, and 

(b) if Y is any non-empty closed subset of Z = A(cr) — {0} ; then H P (Y, J-\y) = for all 
P > 1. 

(c) Let A be a fan and Q a sheaf on A. Then H P (A, Q) = H P (A, Q) for all p > 0. I.e., the 
C ech cohomology agrees with the derived functor cohomology. 



Proof. Step 1. If dim a = 0, then A(<r) = {0} and T is a constant sheaf so (a) and (b) are 
both true. Assume dim o > 0. Let U be the open set U = {0} C A(<r) and let Z = A(a) — U. 
We have inclusion maps j : U — > A(cr), i : Z — > A(cr) and an exact sequence of sheaves on 
A(<r): 



where we write Tjj = j\{J-\u) and JF Z = i*(J 7 \z)- Since C/ = {0} is the generic point of A(a), 
Tu is the sheaf 



T ( V )-l ^({°}) if V = {0} 
•W^-j if V ^ {0} 



Let v4 denote the abelian group JF({0}) and ^4 the constant sheaf defined by A on A(er). 
Then we have an exact sequence 



Since A is a constant sheaf on the irreducible space A(a), it is flasque, hence acyclic. To prove 
(a), it suffices to show A z and T z are acyclic. By [4], p.209 H p (A(o-),F z ) = HP(Z,F\ Z ), 
so it suffices to prove (b). 
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Step 2. We prove (b) by induction on the cardinality of the set Y. The sheaf jF|y is the 
sheaf associated to the presheaf W \— > limy n z=VK F{V). Given any open set W C. Z, there 
is a minimal open set V C A (a) such that V fl Z = W. Therefore the presheaf defined 
by W I— > ^(V), where V is the minimal neighborhood of W, has associated sheaf T\y. It 
follows from [4] p. 64 that T(Y : J 7 \ Y ) = r(A(<r),jF) since the only neighborhood of a G Y is 
the open set Y itself and the only neighborhood of Y in A(cr) is A(cr) itself. Let Pi, ■ ■ ■ ,p n 
be the distinct generic points of Y. Let Y$ be the closure of pi. Then V = Y± U • • • U Y n is the 
decomposition of Y into irreducible components. As a topological space, is the orbit space 
of the afline toric variety orb(pi). \iY = Y\ consists of just one irreducible component, we 
use the procedure of Step 1 to "remove" the generic point p\ of Y and apply our induction 
hypothesis to the proper closed subset Y — {pi}. Assume now that Y = Y\ U • • ■ U Y n and 
n > 1. Let Z ± = Y u Z 2 = Y 2 U • • • U Y~ n . Then Y = Z 1 U Z 2 . Note that Z 1; Z 2 and 
Z 12 — Z 1 C\ Z 2 are proper closed subsets of Y. By induction, we assume the lemma is true 
for Zi, Z 2 and Z i2 . The sequence of sheaves 

-> JPV -> ^ © -> ^ Zl2 -> 

on A (a) gives rise to the long exact sequence of co homology 

-> i/ (Y-,^|y) -> ^(Zx^lzJ © iJ°(Z 2 ,^| Z2 ) -> #°(Z 12 ,.F| Zi2 ) _> 

. // p (F,^|y) ^ ^(Zi^UJ ©^(Z 2 ,^| Z2 ) ^ ^(Z 12 ,^| Zl2 ) ^ . . . 

From the calculations of global sections above and this sequence, parts (a) and (b) of the 
lemma follow. Part (c) follows from part (a) and the usual spectral sequence argument (see 
4.11 p. 225 of [4]). □ 



The Zariski cohomology of a toric variety 

Let X — U a — T N emb(A(cr)) be the affine toric variety associated to the s-dimensional 
cone a in W. Let T be a sheaf on X. Say that T is constant on orbits if for any face r < a, 
^ r |orb(r) is a constant sheaf on the variety orb(r). 

Lemma 3. Let X = U a be an affine toric variety and T a sheaf on X which is constant on 
orbits. Then 

(a) £P(X Zar , JF) = for allp>\, and 

(b) if Y is a closed subset of Z = U{orb(r)|r < a, dim r > 1} which is a union of 
T^-orbits, then if p (Y"zar, J~\y) = for all p > 1. 

Proof. If dim a — 0, then X consists of just one orbit, the r-dimensional torus T/v, and by 
hypothesis T is a constant sheaf on X. Since X is irreducible T is flasque, hence acyclic, 
and (a) is satisfied. In this case (b) is trivially true. 

Assume now that dim a > 0. Let U = orb({0}) = X — Z. Then T\ v is constant, say 
T\u = A\u where A is the constant sheaf V i— > A on X and A is the abelian group F{U). 
In the notation of [4], p. 210, we have exact sequences of sheaves on X: 

O^Tu^A^Az^O (1) 



(2) 
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Since A is constant on the irreducible space X, A is acyclic. On global sections we note 
that (g) is -> -> A -> A -> which is exact. Since H p (X Zw ,T z ) = H p {Z Zai ,T\ z ) 
(p. 209 [4]) we see that (a) follows from (b) applied to the sheaves T and A. We prove (b) by 
induction on the number of orbits making up the closed set Y. If Y consists of just the orbit 
orb(a), the result follows from the opening paragraph of the proof. Assuming Y contains at 
least 2 orbits, there is at least 1 orbit V = orb(p) such that V is an open subset of Y. Then 
Y\ = closure(V) is an irreducible closed subset of both Y and X. So (.F|y)|y is a constant 
sheaf. As before, say (^"l^lv — <A\v for the constant sheaf A on Y. We have the exact 
sequence of sheaves on Y: 

-> {T\ Y )v -> A Yl -> A Yl -v -> (3) 

By (b) applied recursively to Y x and Y[ - V, H p (Y Zai ,A Yl ) = H p {Y Zav , A Yl -v) = for all 
p > 1. Since (ff) is exact on global sections, we conclude H p (Y Zar , (J 7 \ Y )v) = for all p > 1. 
Next consider the exact sequence 

-> (^|r)y -> -> (^|y)y-v -> (4) 

Applying (b) recursively to Y — V, H p {Y ZaX) (jF|y) y _y) = for all p > 1 and the lemma 
follows from the long exact sequence associated to (|). □ 



Lemma 4. If X = U a is an affine toric variety, then H 2 (X Zar , O*) = 0. 

Proof. Let K be the function field of X and K.* the constant sheaf defined by the group of 
units K*. There is induced an exact sequence of sheaves 

1 -> O* -> /C* -> C -> (5) 

which defines the sheaf C of Cartier divisors on Az ar . There is an exact sequence 

O^C^W^P^O ( 6 ) 

where W = 0„ e xi ^« i s the sheaf of Weil divisors on A. By X\ we mean the set of points on 
X of codimension 1 and for each v G A 1; is the sheaf where Z denotes the constant 
sheaf on v defined by Z and i v : v X. For any open [/CI, r({7, W) = ©^g^ Z. 

The morphism C — > ©^gXx is defined on an open U C Az ar at the presheaf level by 
sending / e if* to ord v (f) ■ v. Because cohomology commutes with direct sums 

and a constant sheaf on an irreducible space is flasque, it follows from (2.5, p. 208 [4]) that 
iP(A Zar , W) = ©,, eXl ii p (^zar, Z„) = ©„ eXl F p (^zar, Z) = and H P (X, K*) = for all p > 
1. The long exact sequence of cohomology applied to ([5]) gives ii 1 (Az ar ,C) = ii 2 (Az ar , O*) 
and applied to (§) gives H\X Z ^,C) = cokernel{ii (Az ar , W) -> H°{X Zar , V)}. Examining 
the exact sequence of sheaves (|) defining P, we see since C contains all locally principal 
divisors that V is the sheaf associated to the presheaf U — > C1(Z7) / Pic(£7) for each open set 
U C A Zar . The support of P is contained in the singular locus Z of X (6.11, p. 141 [4]). 
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Since X is an affine toric variety, X = TNemb(A(<r)) where a is a cone in W and A (a) 
is the fan consisting of the cone a and its faces. The divisor class group C\(X) is generated 
by the divisors V(p) = orb(p) as p runs through the set A(cx)(l) of 1- dimensional faces of a. 
Each of these divisors contains orb(cr) since each p is a face of a (p. 10 [8]). If p is any point 
in orb(cr), then restriction induces maps on class groups 



Cl(X) -> Cl(O x>p ) -> Cl(0 X)0rb((T) ) 

Each of these maps is an epimorphism. We check the composition is an isomorphism. We 
have a commutative diagram 



K* -> ® ve x^v -> C1(X) -> 

T T I 

M - ©pgA^d) Z • V(p) - C1(X) - 

Therefore, if D — Y,i n i v i is a divisor on X such that for each n.j 7^ 0, i>j ^ { V(p) |p G 
A(cr)(l)}, then .D is principal. If U is an open neighborhood of the generic point of orb(cr), 
then every divisor V(p) has nontrivial intersection with U. Any divisor D011I with support 
on X — U is principal. Therefore, Cl(X) = Cl(U). Since Cl(Ox,orb(o-)) is the direct limit of 
the Cl(U), we have C1(X) = Cl(Cx,orb(cr)) with the isomorphism induced by restriction. If 
r < cr, q G orb(r) and U T = T N emb(A(r)), then U T is an open subset of X containing q and 
restriction induces the diagram 



Clpf) 
i 

Cl{U T ) 

i 





Gl(O x , p ) 



Cl(O x 

.orb(cr) ) 
i 

Cl(0[/ r ,orb(r)y 
i 




Let s G H (X Z aj:,V) and let D be a divisor on X with s(orb(cr)) = \D\ in Cl(Cx,orb(<j))- 
Since the sheaf maps in V are induced by restriction, the diagram above implies s(q) = \D\ 
in Cl(Oxq) for any point q G X. Therefore, H°(Xz& T ,V) = C1(X) when X is an affine 
toric variety and = cokernel{#°(X Zar , W) -> F°(X Zar , P)} = H\X Zar , C) = H 2 (X Zar , O*) 
which proves the lemma. □ 



Remark . Note that in the above proof of Lemma f| it has been shown that for any affine 
toric variety X, the sheaf V is constant on orbits. Hence H p (Xza, r , V) = for all p > 1 by 
Lemma |^. 

Let A be a fan and X = TNemb(A) be the associated toric variety. Let {cxi, . . . , a n } be 
the set of maximal cones of A, and V = {U ai , . . . , U Un }. Then V is an open cover of X Zar . 
We can now show that the C*ech cohomology with respect to the open cover V agrees with 
derived functor cohomology for the units sheaf on Xz ar - 
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Lemma 5. (a) If X = U a is an affine toric variety, then H p (Xzax, O*) = for all p > 1. 
(b) If X = TNemb(A) is a toric variety, {a±, . . . , a n } the set of maximal cones of A, and 
V = {U n ,..., U a J, then H P (V /X, O*) H p (X Zav , O*) for all p > 0. 

Proof. We already know H^X^, O*) = Pic(X) = (p.73 of [9]) and H 2 {X Zw , O*) = by 
Lemma |. From the proof of Lemma f§ H p {X ZaT , V) = H p+ \X z&r , C) = H p+2 {X Zar , O*) for 
p > 1. As remarked above, H p (X ZajT ,V) = for all p > 1. This proves part (a) and part (b) 
follows from part (a) and the usual spectral sequence argument (p. 100 of [8]). □ 

The second etale cohomology group of a toric variety 

In order to verify our main result we next show (see p. 57 [7]) that for each closed point 
p E X the natural map Cl(Ox, P ) — » Cl(O x ) from the divisor class group of the local ring 
of X at p to the henselization is an isomorphism. As a consequence, H 2 (X Zav ,0*) = 
<&>)■ 

Lemma 6. (p. 57 of [7]) Let p be a closed point on the toric variety X . Then the natural 
maps 

c\(o x , p ) -> c\(o h x j -> c\(d x , p ) 

on divisor class groups are isomorphisms. 

Proof. There is a unique cone a in the fan A defining X such that p G orb(er) C JJ a where 
U a is the open set on X corresponding to a and orb (a) is the unique closed orbit in JJ a under 
the action of the torus T N . With respect to a basis choice, the coordinate ring of U a is R = 
fc[e(wii), . . . , e(m t ), xj+ 1} . . . , xf l ] where the e(mj) are monomials in indeterminates x 1 , . . . , x s 
and the closed set orb(cr) corresponds to the ideal I = (e(mi), . . . , e{m t )). Since p is a closed 
point contained in orb(cr), the ideal in R corresponding to p is P = (e(m%), . . . , e(m t ), x s+ i — 
a s+ i, . . . ,x r — a r ) where a s+ i, . . . , a r are non-zero elements of k. 

Let pi, . . . , p m be the 1-dimensional faces of a and I\, . . . , I m the height one primes in 
R corresponding to orb(pi), . . . ,orb(p m ). Then C\(U a ) = Cl(R) is generated by the ideals 
I\,...,I m and each Ij C I. Since each of the Ij is generated by monomials we can find 
a monomial y such that R(l/y) = /cfxf 1 , . . . ,xf l ] and I±, . . . , I m are the only height one 
primes of R containing y. The completion R of R with respect to the ideal P is R = 
k[[e(mi), . . . , e{m t ), x s+ i—a s+ i, . . . , x r — a r )). Making the substitution = x—a^s+l < i < 
r) gives R(l/y) = k[[xi, . . . ,x s ,y s+ \, . . . ^^[xi 1 , . . . is factorial so Cl(R) is generated 
by the height one primes containing J 1; . . . , I m . Since Ij is the ideal corresponding to orb(pj) 
for the 1-dimensional face pj of a, R/ Ij is the coordinate ring of the closure orb(pj) of orb(pj) 

in U a . Thus, R/Ij = (R/Ij) is the completion of R/Ij at a closed point of orb(pj). Since 
the localization of the coordinate ring of an affine toric variety at a closed point is normal, 

(R/Ij) is a normal domain (Theorem 32, p. 320 of [13]). Thus the Ij are irreducible and 
C1(.R) is generated by I\, . . . , I m . Thus the composite of natural maps 

Cl(R) - Gl(0 XiP ) - Cl(O h x J - Cl(6 XtP ) (7) 

is an epimorphism. Mori's Theorem (p. 35 [3]) implies the last two maps are monomorphisms 
so C\{Ox,p) — > C\(0 X4> ) is an isomorphism. □ 

Remark . We showed in the proof of Lemma f| that the first map in (0) is an isomorphism 
too. 



8 



F.R. DEMEYER, T.J. FORD, AND R. MIRANDA 



Lemma 7. If X is a toric variety with function field K , then 

H 2 (X Zai ,0*) ^H^K/X^G^. 

Proof. The proof begins as does the proof of Lemma [| except we work on the etale site. 
Let g : Spec K <^-> X& t be the inclusion of the generic point and G >) k the sheaf of units on 
Spec K. For any etale open U — > X& the group of global sections T(U, p*G> ) k) = M(U)* 
where R(U)* is the group of units in the ring of rational functions R(U) on U. The sheaf C 
of Cartier divisors is defined by the exact sequence of sheaves: 

1^G > ^S,G > ,k^C^F (8) 

Consider the exact sequence of sheaves on X& ' 

O^C^W^P^O (9) 

where W = ® ve x 1 Z^ is the sheaf of Weil divisors. For each v G Xi, Z„ is the sheaf i m Z 
where Z denotes the constant sheaf on v defined by Z and i v : v <^-> X. For any etale 
open U — > T(U,W) = (BvgUx ^fc- The morphism C — > (§) veXl ^ j >z ls defined on the 
presheaf level by sending / e R(U)* to the Weil divisor J2 v eUi ord^ (/) • v and the sheaf 

V is defined by the sequence (@). Since H\X 6t ,Z v ) = (p.106 [8]) we have H\X&,C) = 
cokernel{if°(X^, W) -> V)}. Let Z = Sing(X). On X-Z, C and W are isomorphic 
so V has its support on Z . Let p be a closed point of X. After localizing at the geometric 
point p = p, (§) becomes 

- C p -> W p - -> P p - -> (10) 

Now Cp is the group of (principal) Cartier divisors of 0\ rp which is K{(D\ V Y j[0\ )* and 
Wp is the group of Weil divisors of 0\ p . Therefore V p = Cl(C^ p ). 

Now make the same calculation as above in the Zariski topology (see proof of Lemma ^). 
We find H\X Zar ,C) = cokeme\{H°(X Zar ,W) -> H°(X Zar ,V)}. Moreover, for each closed 
point p on X, the stalk V p is Cl(Ox, P )- By Lemma || the sheaves V have the same stalks over 
the closed points p in X in both the etale and Zariski topologies. Since X is locally of finite 
type over k, Remark (b) p. 65 of [8] implies the stalks over all points p of X of the sheaves 

V are the same in both topologies. Therefore these sheaves have the same groups of global 
sections. Therefore if 1 (X f? t,C) = if 1 (X Zar ,C). The long exact sequences of cohomology on 
the etale and Zariski sites applied to @ and (|J) reduce to 

- H\X, U C) - iy 2 (X#,G>) ^ iy 2 (Spec(i<:), t ,G >)K ) 

T T T 

-> H l {X Zar ,C) -> if 2 (X Zar ,0*) -> 
Therefore H 2 (X Zar , O*) = H 2 {K/X a , G>). □ 

Comparison of cohomology groups 

Define a sheaf on A by assigning to each open set A'C A the abelian group SF(A') 
of support functions on A'. Let M = Hom(iV, Z) be the dual of N. There is a natural map 
M — > SF(A') which is locally surjective. If M. denotes the constant sheaf of M on A, then 
there is an exact sequence of sheaves on A: 

O^U^M^SF^O (11) 
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where U is defined by the sequence (|TT|). On any open A' C A, U(A') = \A'\ D M = {m E 
M\(m,y) = for all y E |A'|}. Because M is flasque, H P (A,M) = for all p > 1, so 
H p (A,SF) = H P+1 (A,U) for all p > 1. 

Lemma 8. Lei A 6e a fan and let X = TNemb(A) be the associated toric variety. Let 
{(Ji, . . . , a n } the set of maximal cones of A, and V = {U ai , . . . , U Un }. Then 

H P (A,U) ^ H P (A,U) ^ H P (V /X, O*) = # p (X Zar , O*) 

for all p > 1 . 

Proof. The first isomorphism follows from Lemma |[c and the third from Lemma [|.b. The 
constant sheaf U i— > k* is both acyclic and constant on orbits, so by Lemma |3] it follows 
that H p (V /X, k*) = H p (X Zai , k*) = 0. Therefore H P (V /X, 0*/k*) = # p (X Zar , 0*/k*) and 
H p {Xz&r, O*) = H p (Xza,r, O* / k*) . By comparing the Cecil complexes that define the groups 
H P (A,U) and H P (V /X,0*/k*) we see that they are equal term for term which gives the 
second isomorphism. □ 

We are now in a position to prove the main theorem stated in the introduction. 

Proof of Theorem 1. Theorem |l|(a) now follows immediately from Lemmas || and To 
prove Theorem |l|(b), let A be a fan in W and A' a nonsingular subdivision of A. Let 
X = TNemb(A') — > X = TNemb(A) be the given resolution of X. Since the natu- 
ral map i7 2 (X^, G>) — > H >f (K-~,G > ) factors through the monomorphism H 2 (X^ t , G>) — > 
HP*(K-~, G>), there is an exact sequence 

-> H 2 (K/X 4t , G>) -> H^(X fe , G>) -> lf(t^, G>) 

and it suffices to show H 2 (X^ t , G>) — > H K (X-~, G>) — > Y- is split exact. In Theorem 1.1 of [1] 
it is shown that the cup product map H X {X&, Z/n) ® H X {X^ /x n ) — > H 2 (X^ t , fjL n ) followed 
by the Kummer map H 2 {X^ tl // n ) — >■ H 2 (X^, G>) is surjective onto the subgroup annihilated 
by n. Since H 2 (X^ t , G>) is torsion by [6], p. 71, taking the limit over all n gives an exact 
sequence 

F 1 ^, Q/Z) ® H^(f taj /i) -> tf(X fe , G>) -> K (12) 

This sequence is split exact, which follows from the description of the cohomological Brauer 
group of a nonsingular toric variety given in Theorem 1.8 of [1]. (The group H 2 (X<s t , Gj>) 
is torsion since X is nonsingular). Indeed, the image is the subgroup of the Brauer group 
generated by the symbol algebras (m,m')k, and the content of Theorem 1.8 of [1] is that 
every element of the torsion part of H 2 (X^ t , G>) can be written uniquely as T[i,j( m i, m^n , 
where the m/s are a basis for M, and the i/j's divide the invariant factors of N/(\A'\ n N). 
The uniqueness gives the splitting. 

Consider the commutative diagram 

H\X 6h Q/Z)®H\X 6t ,p) -> F 2 (X^,G > ) 

I I 

H\X, tl Q/Z)®H\X, u ii) -> if 2 (X e - t ,G>) 

obtained by combining (|T2"D with its counterpart for X. Since (|12|) splits, it suffices to show 
that the natural map j3 : H l (X^ t , fi n ) — > H l {X^ t ^ n ) is an isomorphism for each n. 
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From Kummer theory, we have a commutative diagram with exact rows: 

l-> r(X^,G > )®Z/x -> H\X, t ^ n ) -> n P*cX ^0 
l-> r(X ft ,G>)®Z/K -> H\X 6t ^ n ) -> n P*cX ^0 

Since a is clearly an isomorphism, it suffices to show that 7 is an isomorphism. Consider 
the commutative diagram 



0^ W(A) - 


> M - 


-> SF(A) - 


-> Pic(X) 


!= 


1= 






0^ U(A') - 


-> M - 


-> SF(A') - 


-> Pic(X) 



with exact rows, which follows from sequence ([TT| ) and Lemma [8] with p = 1. An element of 
order n in Pic(X) comes from a support function h G SF(A') such that n ■ h is linear. Then 
h G M®Z[l/n] hence /i is Z[l/n] -valued. But h assumes Z values on |A| ON — \A'\ DN. So 
/i G SF(A) and 7 is surjective. Since 5 is injective, e is injective and 7 is an isomorphism. □ 



Corollary 9. If X is a nonsingular toric variety associated to a fan A, then H P (A,U) = 
H p {X Zar , O*) = for all p>2. 

Proof. By Lemma || it suffices to show H P (A,U) = for all p > 2. Let W be the sheaf of 
T/v-invariant Weil divisors on A defined by A' 1— > pe A'(i) ^ ' P- There is a monomorphism 
SF(A') —> pG A'(i) Z-p defined by h 1— > X)peA'(i) M n (p)) ' P where n(p) is a primitive element 
of p fl N. This induces the exact sequence of sheaves on A: 

0-»5.F-»W->7'-*0 (13) 

where the sheaf P is defined by (P~5|) . Since ST = W for a nonsingular fan A, the support 
of the sheaf P is contained in the set of o G A which are singular. Assuming that A is 
nonsingular, ST = W. But W is flasque, hence acyclic which proves the corollary. □ 



Remark . If {<xi, . . . , <r s } are the maximal cones of A then with respect to the cover {A(erj)}| =1 
of A and {C/ CTi }? =1 of X the map : H\A, ST) -»■ H 2 (X ZaT , O*) of Theorem §a is given on 
the Cecil cocycle level as 

, ,,. ■ 7 \ ef(J,k) ■ ef(i,j) 
(pf{hJ, k) = - 



ef(i,k) 

where ef(i,j) is the monomial associated to the element f(i,j) G M. 



We now prove some results on the higher etale cohomology groups which extend some 
results found in the beginning of Section 2 of [1]. 
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Corollary 10. Let o be an s- dimensional cone in W and X = TNemb(A(cr)) = U a the 
affine toric variety associated to a. Then 



(a) For all p > 1, H p (X^ t , G > ) is torsion. 

(b) H p (Xit, G>) = EP(T^ , G>) for all p > 0, where T r ~ s is the (r — s) -dimensional torus 
SpecA;[«7- L nAf|. 

(c) H P {T N /X, G m ) = kei(HP(X 6t , G>) -> H'((T N ) fe , G>)) = V- for all p>0. 



Proof. Let a be the cone a viewed as a cone in the s-dimensional IR-vector space Mxr. Then 
X = Ua x T r ~ s . We can give the coordinate ring k[S a ] of X a Z>o-grading such that the 
degree-0 subring is the coordinate ring of the T r_s -factor. It is now clear that (b) is true for 
p = 0. For p — 1, it is known that the Picard group of X is trivial [9]. To finish the proof of 
(b), by [5] it suffices to show that i/ p (X^,G > ) is isomorphic to H P ((X x A^^G^ by the 
natural map. By the argument of [5] p. 164 it suffices to prove (a). 

Let Z = X — T/v denote the complement of the torus in X. Denote by (X h , Z h ) the 
henselization of the couple (X, Z). By excision (p. 92 of [8]), we have 



for all p > 1. By Lemmas | and J ff 2 (X^,G > ) -► Ef ((X - Z) te ,G>) is injective. By [6], 
p.71, IP((X - Z) &v G>) and ^((X' 1 - G>) are torsion for~ all p > 2 since X - Z and 

X h _ Z h are nonsingu i ar . By [12] # P (X£,G>) = H I (Z5,G > ) = H'(Z'~,G > ) for all p > 1. 
By the commutative diagram 
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-» H P ~\{X - Z)^^) -» fl|(X ft ,G>) -» /P(A^,G>) -» H P ((X - Z),^) - 

-» F- 1 p ft -Z\,G > ) -» ^(X^G > ) -» f^(^,G>) - fP((Jf ft -Z h ) d) G>) 

it suffices to show H P (Z^, G>) is torsion for p > 3. Suppose 1 < t < s and let pi, ■ ■ ■ , p n 
be the faces of cr of dimension £. Let C/j = orb(pj), £/ = (/i U ■■ - U Z7 n , y = closure (t/j) and 
Y = YxU ■ ■ -UY n . Then V = U{orb(r)|r < a, dim r > t} is a closed subset of Z, and if t = 1, 
y is equal to Z. Ht = s,Y = orb(a). Notice that Y - U = U{orb(r)|r < a, dim r > t+ 1}. 
We use descending induction on t to show that H p (Y^ t , G>) is torsion for all p > 3. If t = s, 
then y = orb(o-) = T r ~ s . It follows from [6], p.71 that H P (T^ S , G>) is torsion for all p > 2. 
Suppose 1 < i < s and that the result is true for t+1. In the above notation, we are assuming 
for all p > 3 that H P ((Y — U)- t , G>) is torsion and we are going to prove that H p (Y it , G>) 
is torsion. Write Zy — Y — U. Let (Y h , Z±) denote the henselization of the couple (Y, Zi). 
Since Y - Z x = U and Y h - Z\ are nonsingular H p (U 6t , G>) and H p ((Y h - Z\) &v G>) are 
torsion for all p > 2. By [12] H P (Y^ G>) = M'((Z^) fa , G>) = H'((Z F ) fe , G>) which is torsion 
by induction, for all p > 3. By excision H^^Y^, G>) = (Y-~, G>). The commutative 
diagram 

-» ^- 1 (C/e t ,G > ) -> ^| i (^ t ,G > ) -> ^(y^G*) -» ^(C/^,G>) 

- ^((^"^.G^ - fl| h (Y*,G>) - ^ p (y^,G > ) - fff((y' l -^%,G > ) - 

shows that if p (yt,G > ) is torsion for each p > 3 which proves (a) and (b). To prove 
(c), note that the closed immersion T r ~ s —>■ X restricts to a closed immersion T r ~ s — ► T/v 
with a section. Therefore the natural map if p (X^,G>) — > HP((Tn)-~, G>) factors into the 
composition of monomorphisms: H p (X^t, G>) — > H'(T^ , G>) — > ^((Tn)^, G>). □ 

As was shown in Theorem [I] above, if 2 (Xz ar , 0*) = H 2 (K/X<s t , G>) for any toric variety 
X with function field K. There is always an isomorphism if 1 (Xz ar , O*) = H 1 (K/X ) s t , G>) = 
Pic(X), but the next example shows that for p > 2 the natural map H p (X<z aT ,(D*) — > 
H P (K/X^ t , G>) will not be surjective in general. 

Example 11. 

Let po = (1, 1, 1), Pi = (1, 0, 0), p 2 = (0, 1, 0), p 3 = (0, 0, 1), <j x = R> oPo + R>oPi + M> p 2 , 
ct 2 = M> po + K>op 2 + M>oP3, = K> po + M> pi + M>oP3, A = A(o-i) U A(<r 2 ) U A(<r 3 ) and 
X = T N emb(A). Let V = {C/ CTl , L/^, U a3 }. From Corollary ||(b) above, H p ((U ai ) 6t , G>) = F 
for p > 0, therefore H P (V /X^,G>) = F for p > 0. Using either the spectral sequence 
iJ p (V /X & , F«(G>)) H I+II (X'~, G>) or a series of Mayer- Vietoris arguments ([8], p.110) 
one can compute: 

H'(X a ,G > ) = 



k* 


i = 


z 


z = 1 





z = 2,3 




i = 4 





z > 5 
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From [6], p.71, H p ((T N ) dt , G m ) is torsion for p > 2. From [8], p.253, H p ((T N ) dt , fi n ) = for 
p > 4 and n > 1 , where // n denotes the sheaf of n-th roots of unity. From Kummer theory [8] , 
p. 125, H p ((T N ) 6t ,G m ) = for p > 4. Since the natural map H p (X 6t ,G rn ) -> H p (K 6t ,G m ) 
factors through H p ((T N ) 6t ,G m ), we have H p (K/X it ,G m ) = H p (X^ t ,G m ) is non-zero for 
p = 4. Therefore 

H\K/X 6t , G m ) ^ H\V/X, t , G m ) = H 4 (V/X Zai , O*) = # 4 (X Zar , O*). 
So Theorem 1 does not extend to H 4 . 
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